We restate time-dependent Stokes flow for incompressible Newtonian fluids as a variational problem relating velocity, pressure, and deviatoric stress variables, which leads to a simple weighted finite difference discretization on staggered Cartesian grids. The method easily handles irregular domains involving both free surfaces and moving solid boundaries by exploiting natural boundary conditions, while supporting spatially varying viscosity and density. Due to its basis in extremizing a well-posed quadratic functional, the resulting linear system is sparse and symmetric indefinite. It can also be converted to an equivalent sparse, symmetric positive-definite system by applying a simple and inexpensive algebraic manipulation, allowing the use of a wide range of efficient linear solvers. We demonstrate that the method achieves first order convergence in velocity on a range of test cases. In addition, we apply our method as part of a simple Navier-Stokes solver to illustrate that it can reproduce the characteristic jet buckling phenomenon of highly viscous Newtonian liquids, in both two and three dimensions.
Introduction
To set the stage for describing our method, we review the problem under 
where ρ is the fluid density, u is the fluid velocity, p is the pressure, τ is the symmetric deviatoric stress tensor, µ is the dynamic viscosity coefficient, the 70 subscript t indicates a time derivative, and F represents any external body 71 forces. We allow both ρ and µ to vary spatially. At solid boundaries, the 72 no-slip condition applies, which dictates that the fluid velocities match those 73 of the solid boundary, u BC .
At a free surface, the fluid is subject to the constraint that the traction T 75 applied at the surface is zero.
76
T = (−pI + τ ) n = 0 (5)
In the above, n is taken to be the outward normal of the free surface and I
77
represents the identity matrix.
78
Typical numerical methods for Stokes flow can be interpreted as com-
79
bining a classic pressure projection with an implicit step of viscous forces.
80
We will therefore consider each of these two sub-problems independently to 81 illustrate the general approach, before turning to the full Stokes problem. 
A Note on the Simplified Stokes Equations

83
Often, for situations where the viscosity is spatially constant, some ma- 
= µ∇ · ∇ u + µ∇ · (∇ u)
where a simple vector calculus identity and the divergence free property of 
A Variational Formulation for Pressure Projection
The first sub-problem of the Stokes equation that we consider is the en-97 forcement of incompressibility. This is exactly the classic pressure projection 98 method introduced by Chorin [23] . After discretizing in time, pressure pro-99 jection has the form:
∇ · u = 0 (11) where u is the resulting divergence free velocity field, u * is the input divergent 101 velocity field, and ∆t is the size of the time step. This system can be arrived
102
at by extremizing the following functional:
where the domain of integration is over the liquid (non-air) region, Ω L . This Therefore, if we discretize the integral appropriately and solve the resulting 111 optimization problem, we will arrive at the correct solution, without needing 112 to explicitly build the boundary conditions into the discretization. This is a 113 key element of our method, which enables the handling of complex boundary 114 conditions with relative ease.
115
An alternate variational form for the pressure projection is:
where the integration is now performed over the fluid (non-solid) region, Ω F .
We highlight here the relationship to the variational approach of Batty The standard staggered pressure-velocity grid layout in 3D, with stress components added. The black circle indicates the location of pressure and diagonal stress components (τ xx , τ yy ). The colored squares on cell edges indicate the locations of offdiagonal stress components (τ yz is red, τ xz is green, τ xy is blue). Dashes across cell faces indicate velocity components (u is red, v is green, w is blue). 
where P is a diagonal matrix of densities per face, W 
165
The resulting symmetric indefinite linear system comprising the optimal-166 ity conditions of this problem are:
By discretizing (13) in the same manner, we arrive at the discrete problem
168
for the solid boundary case:
and its corresponding linear system: 
175
It is straightforward to combine the two systems into a single system that 176 handles both solids and free surfaces simultaneously:
By combining the two formulations only at the discrete level, we are able 178 to exploit the natural boundary conditions to handle both boundary types 179 together, despite the fact that in each of the two continuous variational for-180 mulations only one of the two boundaries can be considered natural.
181
Since the upper left block of this matrix is diagonal, the Schur comple-ment can be applied to arrive at the usual symmetric positive-definite (SPD)
183
Poisson-type system for pressure alone. The resulting sparse SPD system in 184 this case has the form: formulation is expressed in terms of both stress and velocity, rather than 209 velocity alone, and that it also handles solid boundary conditions naturally.
210
When discretized in time using first order backward Euler, the fully gen-211 eral viscosity problem has the form:
where u is the updated velocity after applying viscous forces and u * is the 213 input velocity. Similar to the pressure projection problem, we will consider 214 two variational formulations for this problem, which differ by an integration 215 by parts. The first naturally enforces the free surface traction boundary
The second yields the solid boundary condition u = 0 at the solid wall.
into (22) 
Discretization
224
We will again make use of a staggered grid for our discretization. However,
225
to handle viscosity we also need to place the components of the deviatoric 226 stress tensor on our grid. The most natural way to do this is to place diagonal 
241
Because we are looking at strictly the deviatoric stress τ , and ignoring 242 pressure, we can assume Tr(τ ) = 0 which in 2D implies that τ xx = −τ yy .
243
We can therefore simplify the necessary computations by solving just for . Naturally, the stress 248 tensor will also be symmetric, so that τ xy = τ yx , τ xz = τ zx , and τ yz = τ zy ,
249
which further reduces the number of variables to be computed.
250
With this grid layout in mind, the discrete free surface viscosity problem 251 is:
where P is a diagonal matrix of densities per velocity sample, M is a di- (∇u + (∇u)
resulting linear system is:
Solving this system will give a solution to the viscosity problem with the 258 difficult free surface traction boundary condition enforced naturally.
259
Similarly, the discrete viscosity problem with solid boundaries enforced 260 naturally is:
with corresponding linear system:
As we did for the pressure problem, we can combine the two discrete 263 systems to handle both boundary conditions at once.
However, this system is still indefinite; for numerical efficiency we would 265 prefer to solve a symmetric positive-definite system. Conveniently, both the 266 upper-left and lower-right blocks are diagonal so we can straightforwardly 267 take the Schur complement of either to arrive at a sparse SPD system for 268 stress or velocity alone. The SPD system for velocity is: The SPD system for stress is: 
A Variational Formulation for Stokes Flow
285
Given the above methods for the pressure and viscosity problems, it is 286 straightforward to combine them in order to address the full Stokes problem, 287 again using a backwards Euler time discretization.
Our Stokes formulation with free surface boundaries is:
(34) This implicitly enforces the zero traction condition (5) that couples pressure 290 and deviatoric stress together at the boundary; it would otherwise be quite 291 difficult to handle.
292
Our Stokes formulation for static solid boundaries is:
This yields the same Stokes equations, except that the natural boundary 294 condition is that of a static solid wall. 
Discretization
296
We use the same staggered grid arrangement as the preceding schemes,
297
with stress, pressure and velocity components distributed at appropriate loca-298 tions. The discrete minimization forms can be arrived at in the same manner 299 as for the pressure and viscosity problems. The discrete Stokes problem with 300 free surface boundaries is:
The linear system for the free surface Stokes problem is:
The discrete Stokes problem with solid boundaries is:
The linear system for the solid wall Stokes problem is:
The combined linear system which handles both free surfaces and solid 305 boundaries is: etc.
313
The symmetric positive-definite form is:
where the blocks of the matrix are 
where p BC and τ BC are the prescribed pressure and deviatoric stress, re- integral using integration by parts.
This ensures that all multiplied quantities are located at matching grid loca- is:
The new terms modify the right hand side of the linear system (37), to 347 become:
Although the air region may extend far from the actual liquid surface, we only apply modifications to the right hand side for rows of the system in 350 which the matrix has non-zero entries, indicating that there is liquid present.
351
This means that in practice only the interface between the air and liquid 352 regions plays a role. 
Prescribed Velocity Boundaries
354
In the common case of moving solid boundaries with prescribed velocities 
where n is the outward normal to the solid region, Ω S . In volume integral 358 form we have:
Labelling solid fractions W S and discretizing, we arrive at the following en-360 ergy term:
This results in a modification to the right hand side of the linear system (39),
362
to become:
These right hand side modifications are also only applied to rows in which 364 the matrix has valid, non-zero entries. The top right cell contains some liquid, and therefore will have a positive volume weight associated with the divergence constraint on the cell. However, two of its associated velocity face control volumes (indicated by dashed blue squares) contain no liquid and will have zero volume weights. We identify this pressure sample as invalid, and replace it with the value of the boundary condition (eg. p = 0), thereby eliminating the null space. 
velocities (face centres) and pressures (cell centres). Cases frequently arise
Convergence Results
401
We have verified that the method computes the exact solution for linear 
Pressure Projection with Free Surface Boundaries
420
Our first pressure projection test problem is a disk of liquid centred at 
The pressure satisfies p = 0 on the free surface (at r = 1). The convergence 424 results are shown in Table 1 . 
Pressure Projection with Solid Wall Boundaries
426
Our solid wall test is a disk of fluid centred at the origin, with radius 427 r = 1m and density ρ = 1kg/m 3 , bounded by a static solid wall. The true 428 solution computed over a time step of length ∆t = 1s is:
The final velocity satisfies u · n = 0 on the surface, since it is a rigid rotation.
430
The convergence results are shown in Table 2 . Table 3 . Table 4 . 
The pressure in this expression will be non-zero at the interface; any method 461 to solve this problem will need to correctly handle the coupling between 462 pressure and viscous stresses. From this information, the expressions for the 463 input velocity and final stresses can be derived using equations (31)-(33). We 464 used a computer algebra system for this purpose. The convergence results
465
are shown in Table 5 . For pressure, we use:
Equations (31)-(33) can be used to derive the input velocities and final 474 stresses. The convergence results are shown in Table 6 . 
Stokes Flow with Both Solid Wall and Free Surface Boundaries
476
To test a scenario featuring both solid and free surface boundaries, we 
For pressure, we use:
Equations (31)- (33) can be used to derive the input velocities and final 484 stresses. The convergence results are shown in Table 7 . 
Stokes Flow with Prescribed Velocity Solid Boundaries
486
To test solid boundaries with prescribed (non-zero) boundary velocities, 
As in the preceding examples, stresses and input velocities can be computed 494 from equations (31)-(33). Convergence results are shown in Table 8 . 
We solve for advective terms with a first order semi-Lagrangian scheme us- 
with the appropriate free surface and solid boundary conditions applied.
532
Tracking of the liquid surface position is performed using a simple semi-
533
Lagrangian level set method [29] . 
Conclusions and Future Work
563
We have shown that a relatively simple Cartesian grid finite difference 564 method, derived from a variational principle, can correctly capture difficult
Figure 6: A two-dimensional example of viscous jet buckling performed using our simple Navier-Stokes routine. The first image occurs 0.5 seconds into the simulation, and subsequent frames occur at 0.2 second intervals.
Figure 7: A three-dimensional example of viscous jet buckling performed using our simple Navier-Stokes routine. The first image occurs 0.6 seconds into the simulation, and subsequent frames occur at 0.3 second intervals. Additional images are shown in Figure  8 . 
